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Transient Thermal Behavior
of a Thermally and Elastically Orthotropic Medium

Hongsheng Wang* and Tsu-Wei Chout
University of Delaware, Newark, Delaware

Transient two-dimensional temperature and stress distributions are examined for a thermally and elastically
orthotropic slab with a rectangular boundary. The slab, initially held at a uniform temperature, is suddenly sub-
Jected to an arbitrary variation of temperature, heat flow, or convection on one edge (or surface) of the rec-
tangle, while each of the remaining edges is either insulated or maintained at the initial temperature. A general
solution has been obtained for the two-dimensional transient temperature distribution in the siab by use of the
principle of superposition. Specific sotutions corresponding to eight sets of boundary conditions are tabulated.
As an application of the transient temperature solutions, the thermal stress distributions are investigated for one
set of the boundary value problems. Numerical results for a typical unidirectional fiber-reinforced composite
have demonstrated high concentrations of thermal stresses far exceeding those generated in a steady-state ther-

mal environment.

Nomenclature

= coefficients in series expansion for T

=elastic stiffness coefficients

=parameters defining thermal boundary con-
ditions in Eqgs. (3a-d)

= coefficients in series expansion of Eqs. (34)
and (35)

= coefficients in series expansion of Eq. (36)
for &;

=thermal diffusivity

=material constants, defined in Eq. (44)

=variation of surface condition along edge
= ez

=VK,/K,

= coefficients of heat conduction in y and z
directions, respectively

=lengths of the slab in y and z directions,
respectively

=time

=temperature

=deflections in y and z directions, respectively

=rectangular Cartesian coordinates

= stress-temperature coefficients .

=material constant, defined in Eq. (41)

= constants introduced in Egs. (37), (39), and
(42)

=eigenvalues

=material constant, defined in Eq. (42)

=stress components

=temperature components, defined in Eq. (4)

= displacement potentials

I. Introduction

HE thermomechanical behavior of anisotropic elastic
media has attracted considerable research interest in re-
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cent years due to the increasing engineering applications of
these media in situations involving severe thermal en-
vironments. Fiber-reinforced composites are certainly well-
known examples of both thermal and elastic anisotropy. The
thermal response of composites is an important consideration

- not only in their fabrication and processing but also for

material durability and long-term performance. These con-
cerns have generated the need to find theoretical and ex-
perimental solutions to various problems involving
anisotropic media. However, owing to the mathematical com-
plexity in dealing with both the heat transfer and thermoelastic
problems, exact theoretical solutions have been obtained for

‘only very limited classes of problems. Experimental work in

this area is also very scarce.

Recent investigations of anisotropic heat conduction have
produced solutions based on a variety of methods, including
transformation theory,'? Green’s function,* complex
variable theory,® and finite difference.® The solution of the
steady-state thermoelastic problem of anisotropic material
appears to be initiated by Sharma,” Mussakowska and
Nowacki,® and Singh.® Then, Sugano,!® Sugano and
Takeuti,!! Takeuti and Noda,!? and Noda'? solved the tran-
sient temperature and thermal stress fields of transversely
isotropic body for the case of prescribed surface temper-
ature.

In the category of thermally and elastically orthotropic
media, Tauchert and Akéz were first to investigate the
steady-state temperature and thermal stress fields. They
solved the problems involving a semi-infinite domain,!* a
slab bounded by two parallel infinite planes,'’ and a rec-
tangular slab'® with prescribed surface temperature. More
recently, Wang and Chou!” reported the transient thermal
stress analysis using the displacement-potential approach for
an orthotropic slab with a specific case of boundary
conditions.

The present work reports the general solution method for
analyzing the transient thermal behavior of a rectangular
slab that is both thermally and elastically orthotropic. First,
the general solution of the transient two-dimensional heat-
conduction problem with a nonhomogeneous boundary con-
dition (i.e., the slab is subjected to arbitrary heating on one
surface) has been obtained by using the principle of super-
position. Then, for the convenience of readers interested in
the practical applications of the analysis, the specific solu-
tions corresponding to eight sets of boundary conditions are
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tabulated. Second, as an application of the thermal bound-
ary value problem solution, the induced thermal stress
distribution in the orthotropic slab is presented. Numerical
examples for the case simulating a unidirectional fiber-
reinforced composite material are worked out for demon-
strating the influences of thermal and elastic anisotropy.

The research on the thermal response of orthotropic
materials should have particularly significant implications in
the understanding of the thermomechanical behavior of fiber
composites. An array of problems involving, for instance,
boundary layers and interfaces under severe thermal condi-
tion all deserve in-depth assessment and examination in the
future.

II. Transient Temperature Field

Consider the two-dimensional problem of an orthotropic
body with a rectangular region 0<y<#{, 0<z</{, (Fig. 1).
Assume that the slab is initially held at a uniform
temperature U,, like the surrounding medium and that one
edge (surface) of the rectangle (z=4£,) is suddenly subjected
to an arbitrary distribution of temperature or heat flux f(y).
The purpose of the study is to find the transient temperature
distribution of the slab first.

The two-dimensional temperature distribution, T(y,z;f)
=UW,z;f)— U,, in the rectangular region is assumed to
satisfy the transient heat conduction equation

a*T #*T 1 oT

1+ - 1
ay? az2 D )

Here K*=K,/K, is the ratio of the conductivities in the z
and y directions, respectively; D=K,/cp is the thermal dif-
fusivity (by Kelvin) in the y direction; c, p are, respectively,
the mass density and specific heat of the slab material; D,
K,, and K, are assumed to be independent of temperature; ¢
denotes time.

The initial condition assumes the following form

T(y,2;0)=U(y,2,0) - U, =0 for t=0 2

and the thermal boundary (or surface) conditions on the
edges of the rectangle are expressed here in the general form
of linear heat transfer

oT

—a, —+b,T=0 for y=0 (3a)
ay
oT

a, % +b5,T=0 y=1 (3b)
oT

—ay +b,T=0 z=0 (3¢)
0z
T

a, +b,T=f(y) z=b (Bd)

0z

Here a; (j=1,2,3,4) are conductivities, for the respective
directions, and b; are referred to as the coefficients of sur-
face heat transfer. Through appropriate selections of the
constant ratio b;/a; in Eqs. (3a-d), the various types of or-
dinary boundary conditions (prescribed temperature, heat in-
put, and exposure to an ambient temperature through a
boundary conductance) can be obtained. Equations (3a-c)
correspond to zero surface temperature or heat flow on the
edges y=0, y={,, and z=0, whereas the nonhomogeneous
boundary condition of Eq. (3d) is for an arbitrary variation
J) of surface conditions along the edge z=14,.
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Fig. 1 An orthotropic elastic slab.

The nonhomogeneity of the boundary condition, Eq. (3d),
suggests use of the principle of superposition. Noting that
the problem has a steady-state solution as - co, we assume

Ty.z:t)=¢(».2) +¥(¥.z;0) 4)

such that ¢(y,z) and ¥(y,z;f) satisfy

¢ 3¢
ayZ + azz =0 (5)
—al%+bl¢=0 for y=0 (6a)
a, 2? +by9=10 y=4 (6b)
~a3 %;—«+b3¢>= 0 z2=0 (6¢)
d¢
4% — +b,0=f(¥) =4, (6d)
and
%y Py 1 Y
= 7
5 K e T 7
Y (0,2;0) = —d(y,z) for £=0 8
—a, —3\[/—+b1\//=0 for y=0 (9a)
ay
Y
@5 +b=0 y=4 (9b)
)
—a, 4 +byy=0 z=0 9¢)
0z
3
a, i +b,y=0 z=1 9d)
0z

A general form of the solution of Eq. (5) is

0

. . 4 . 4
o(y.z2)= E [Al(p)smpysmh %+A2(p)smpycosh %

p=p

74
+ A5 (p)cospysinh % + A, (p)cospycosh %] 10)
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Also, a general form of the solution to Eq. (7) is
v(y.z:t) = E E (Al (v, pu)sinpysin —K—z
v= Vl n= p,l

+ A, (»,p)sinpycos . 7+ Ay (pu,v)cosvysin g
K K
+/i4(v,y)cosvycos%z)exp[—D(uzﬂﬁ)t] an

Here, the coefficients A4;(p), A Avpw) (j=1,2,3,4), and the
roots p, v, and u are determmed from Egs. (6), (8), and (9).

Substitution of the solutions (10) and (11) into Egs. (6)
and (9) leads, respectively, to the following results:

{ ~pa A (p)+b,4,(p) =0
, (12a)

~pa A, (p) +b,A,(p) =0
{apA; (p) + byA; (p) 1cospty
+ [ —a,pA; (D) + byA, (p) 1sinpt; =0

(12b)
[220A; (P) + by Ay (p) 1cospl

+ [ —apA, (p) +byA; (p)]sinpt; =0

14
—da; ‘—I? Al (p) +b3A2(p) =0
(12¢)
p
— a A3 (p) +b3A,(p)=0

S = i [<a4 %

14 . p .
+ <a4 X A, (p)y+ b4, (p)) sinh X L’z] sinpy

e

+ (a4 B A4(p) +byd, (p))sinh e [2] cospy  (12d)

A (p) +b4A2(p))cosh % £,
p
A3 (p)+bA, (p)) cosh <

and

{ —avA; (1) + b, As (,0) =0
(13a)

*alVAz(V,#) +b1 A4 (n,p) =0

[anAl (v,p) +b21‘-13 (v, ) Jcosvl,
+ [—ayd; (n.0) + By A, (v,p) Isinet, =0
_ _ (13b)
[a2VA2 (V,[L) + b2A4 (V,p.)]COSVfl

+ [~ aypdy (np) + byA, (v,) ] sinwt, =0

—a; — K A (v,p) + Dy AZ(V,M.) 0
(13¢)

[T _
—ay 7 A3(V,[l.) +b3A4(V,[£) =0
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~

B . p
[04 — A +b4Az(V,/I-)]COS va 1)

+ [—a4 % Ay (mp) +b,A, (v,u)]sin % 6=0

J (13d)
B 3 b
[a4 —K‘ A3 (V,[l.) +b4A4 (V,[L)]COS ‘7 fz

| + [—a4 ~I’;—A4(u,u)+b4213(u,u)]sin _1% 4=0

The solution of Eqs. (12) and (13) for the coefficients A (p)
and A (vu) (=1,2,3,4) is simplified if the attentlon is
restrlcted to a specific set of boundary conditions for the
three edges y=0, y=1£,, z=0.

As the first example, we consider the case where the three
edges y=0, y={, and z=0 are held at the constant
temperature T=0 (i.e., a; =a,=a;=0, by =by=by;=1).
Substituting these choices of a; and b, into Egs. (12a-c)
yields

Ay (p)=A;(p)=A4(p)=0 14

Thus, for a nontrivial solution of ¢(y,2),

Ay (p) Sinpel =

—, n=1.2,...,0 (15)

and Eq. (12d) reduces to

oo

S = E [a4 —Z cosh K"' €2+b4smh

]A (p,)sinp,y
(16)

Assuming that the distribution f(y) may be expressed in
the Fourier series form

f =Y Qusin % y amn
n=1 1

in which

2
Q.= TS f(y)sm — ydy
i

it follows from Eq. (16) that

$(2)= ¥ A, (p,)sinp,sinh 22 2 (18)
n=1
where
2
7 S S(»)sinp,ydy
1
Al (pn ) =
0 P
‘K

On the other hand, substituting the same choice of a; and
b; as above into Egs. (13a-d) yields

Ay p)sinely = A, (n,u) =4, (np)=A, (n,p) =0  (19)

Thus, for a nontrivial solution of y(y,z;f)

k
uk=g—7r, k=1p2,...,00 0)
1
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and (u/k)¢, are the positive roots of the equation

® [ b, _
(K Bz)cot(K fz>+ 2 £, =0 21

4

These roots can be found in standard reference books, such
as Ref. 11. Using the initial condition, Eq. (8), we obtain

Y(0,20) = =6 (1n2) = Y, Y, Ay (vp)sinp,ysin “7;"- z
k=1 m=1
2)

Thus, ¥(y,z;0) is the expansion of —¢(y,z) into a double
Fourier series. Here the coefficient A, (v, p,,) is

L o 2
o 0[ ¢(y,z)]smvkysm—l?z ydz

Ay (Vo) = e 23)
s g s 2 Mm
SO So sin®y ysin N zdydz

By substitution of Eq. (18) into Eq. (23) and evaluating the
inner integrals, we can obtain the expression of A,(v;,p,,)-

Finally, the transient temperature distribution for this ex-
ample is

T(y.z;t) = E Ay (v )sinp, ysinh % z
k=1

+ E E A1 (Vi ) Sinp ysin ﬁzexp[—D(u%ﬂL%,,)t]
k=1 m=1 K
(24)

where

_ -2 A (ve)
Ay Vi bim) =—— BLE

ROl

Vk Vk . I-l'm I"’m . Vk Pom
X —cosh——l’sm—i’——smh——l’cos—t’]
[K K K?* K K ? K 7

2

4 .
?SO S(»)siny ydy

Ak,l:

14 Vi . Vi
a, —K5 cosh X £, + b,sinh X 4
and in the particular case of a,=0 and b,=1, we have

u
2 =mr=a,

K

Equation (24) will be used in Sec. IV for its induced thermal
stress calculations.

As the second example, we consider the problem of perfect
insulation on the three edges (y=0, y={, and z=0), in
which case a;, =a, =a; =1, b; =b, =b; =0, and the condition
at z=4{, remains unchanged [i.e., a,(87/82)+b,T=f(»)].
Following the same approach as the first example, we obtain

A (p)=A,(p)=A3(p)=A,sinpl, =0 (25)

Thus, for a nontrivial solution of ¢(y,z)

pp=hw/l, n=12,.. (26)
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and
Ay (mp) =A, (n,1) = A5 (9,1) = Asined, =0 27

un, are the positive roots of Eq. (28)

2 [ b
(4 &)tan(Ls) == b @8)

The temperature field is given by

- 14
T(y,z;t) = E Ay 4 (v )cosyycosh ?k z
k=1

o« (o] _ u
+ 20 1 At (Vo) cosrgyeos =2 zexpl =D (v +4i3,)1]
k=1 m=1

(29)
where

Apa ()
L% (m)z
(%) (%

Ve oo P B Bm Ve o, oo Bm
X [?k sinh ?" fcos va b +7 cosh Yk &sin a 82]

214
—S S(y)cosyydy
fl 0

Ak,4 =

14
a, —V]% sinh —;?k 4, + bycosh ?" f,
v =kw/l

Analytical results for other combinations of boundary
conditions can also be obtained following the approach
demonstrated in the last two examples [Egs. (24) and (29)].
In Appendix 1, the results for eight types of boundary condi-
tions from all the possible combinations of «a,, a,, a;, b;, b,,
b, are tabulated for convenient use.

For problems involving nonhomogeneous boundary condi-
tions over more than one edge, solutions of the temperature
can be obtained from the present results by means of ap-
propriate coordinate transformations and the method of
superposition.

III. Thermal Stress Field

As an application of the foregoing temperature distribu-
tion T(y,z;f), we now consider the induced thermal stress
field in the orthotropic slab. For a state of plane-strain
perpendicular to the x axis (€4 = €5 = €4, =0), the displace-
ment components in the x, y, and z directions are, respec-
tively, u=0, v=v(y,z;f), and w=w(y,z;8). The stress com-
ponents are related to the displacements and temperature by
the relationships

Ou (V:258) = A, -g;)—*‘Ala %—ﬁlT(}’,Z;t)
0y (3,258) = Ay, Z—;"'Azs aT:"‘ﬁzT(}’,Z;t)
0 (1,258) = Ay 2—;+A33 Z—‘:—B;T(y,z;t)
0y, (1,258 = Ay (3—24‘3—?:) 30)
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where A;; and §; are, respectively, the elastic stiffness coeffi-
cients and stress/temperature coefficients of the orthotropic
elastic medium. Results for the corresponding plane-stress
problem (o, =0,, =0, =0) can be obtained by replacing the
coefflcnentsA yand B, by A, —AA;/A and B8, — B, A /A,
respectively. The dlsplacement equatlons of equilibrium
governing the plane-strain conditions are

v v Fw aT
Ap ——5— 92 +Au 0 +(Ap+Ay) —— 997 Bz—a;—
3w P*w v aT
Aus g5+ An ot (An +Aw) 5=y = O

The stress and displacement boundary conditions are
assumed for this problem. The transverse displacement and
the longitudinal stress vanish at the two edges of the rec-
tangular slab, y=0 and y ={,; the two other edges, z=0 and
z=1{,, are stress-free. Thus,

w=0, oa,,=0 for y=0,f (32a)

0,=0, 0,=0 z=0,0, (32b)

The displacement-potential approach, reported recently by
Wang and Chou,! is adopted for the thermal stress analysis.
As an example, we consider the case where the temperature
field T(y,z;?) is given by Eq. (24). It can be shown that the
solution to Eqgs. (31) for this case, satisfying the boundary
condition of Eq. (32a), is

bz 2 Y, B 9%, 0%
P = dy dy  dy 3y

v, av, 0%, a%d,
L) =p ———+ gy ——+ N —+A 33
wi{(y,z;t) = py 9z Ha 3z 1 3z 2 9z (33)
where
¥, = z Ay Bysiny,ysinh -—2‘ z (34)

k=1

E A1 Bsinyysina,, zexp [ — D (v} + K2a2,) t]

m=1

MB

x>
Il

(3%

6ok

& =

J

z+ Cpsiny, ycosh
Vi i

(le sinv, ysinh z> (36)

S
]

=12

C; (,i=1,2) in Eq. (36) are arbitrary coefficients. Other
constants appearing in Eqs. (33-36) are

By (Ags— ApK?) + 8,K* (Ayy + Ayy)

_ @7
f By (Asy — Ay K?) —B3(Ax +Ay)
B,K*
B,y = (38)
KPk —ApK?+ Ay +p (Ay+Ay)
= — B3 (A + Agad,) + B (Ay + Ay v} (39)
2 By (Ays +Agy) o, — B (Agri + Ayya)
~B,
B, = (40)
fom Apvi+ [Agy+pp (A +Ay) ),
Ap+h (A + A
yp=2u « (Aas 44)’ (k=1,2) (41)

Ay

ATAA JOURNAL

where

>\1,2=Tl p <%)2 ~1 “2)
with

_(Ap+A,)+AL - ApAy

B Ay (Ap+Ay)

Following Eqgs. (33) and (30), the displacement and stress
components are

v(y,z;t) = E [Cnsinh BT C\,cosh z

k= Y1 Y1

. v LY
+ Cy; sinh —* z+ C,,cosh z+ A, Bysinh ?k z
Y2

Y2

+ E A1 Bymsina,,zexp{ — D (v} + K202, )t]]cosvky
m=1

©

Yk Vi
w(y,z3t) = E [p.l — Ay Bycosh — z
k=1 K K

v v . v
+N\ —"(c,,cosh —~_ 7+ C}ysinh —— z>
Y1 Y1 Y1

v . v
+ )\2 k Z+ szslﬂh k Z)
Y2 Y2
+ E 130 A 1 Bim€OSQzexp [ — D (v} +K2af,,)t]:|sinvky
m=1

43)

= v v
= E [aﬁE“ <C”sinh—kz+C12cosh k z)
k=1 Y1 Y1

7 v
+a}E), (CZ,smh —*_ z+Cypcosh — z)
Y2 Y2
LY S .
+ Ay, (a)Epysinh 75 24+ Y At (Do @) Egsine,z
m=1

Xexp[ —-D(v} +K2a§,,)t]]sinuky

oo
. Yk Yk
Oy = E [ViEzl Cy;sinh —— z+ Cj,cosh —— z)

k=1 T Y1
2 . Vi Vi
+viE,, | Cy;sinh z+ Cycosh b4
T2 Y2
+A;, (uk)Eusmh 2+ 2 A,cm L (Ppo0t ) Eossing,, 2
m=1

xexp[ —D(v; +K2af,,)t]>sinyky

= v v
o= Y, [uﬁE31 (C”sinh —*_ 72+ C,,cosh —— z)
k=1 "1 Y

1

v 14
+viEs, <C213inh K 2+ Cycosh —£ z)
Y2 Y2

v o\ - .
+ Ay, (v¢) Esysinh 7" 2+ Y Ayt (o) Ezgsine,,z

m=1

xexp[ —D (v} +K2af,,)t]]sinvky
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@

v X v
o,,= ¥ E, | €y cosh —— 2+ Cyysinh —— z
. x Y1 Y1

k=1

Vi

. v
+v2E, (Cmcosh 7+ Cpysinh —% z)

Y2 Y2

Vi
+A, E;cosh — z
k, 1443 K

+ Y, A Esscosazexp[ —D(v} + K?a2,)1] ] cosyy
m=1 44
where the quantities £, are

A
Ey= —Aj2+—vk—A (j=2,3 k=1,2)

2 J3»
3

; .
Ej3 = _Ajz”%ch +71 V%BkAﬂ —.3,', (=12,3)
E,= —ApviBy, — Aol By, =8; (=12,3)

Eyu=Au (A +N) v, (k=1,2)

viBy
Ey=Au(l+p)

Eu=A4u(1+p) v, By,

The coefficients C; (i=1,2, j=1,2) are found from the four
boundary conditions, Eq. (32b).

IV. [Illustrative Example and Discussion

To illustrate the foregoing analysis of temperature and the
induced thermal stress fields, a numerical example is
presented for a slab constructed of a fiber-reinforced com-
posite material, with fibers oriented parallel to the y axis
(Fig. 2). The same thermal and elastic properties as given in
Ref. 15 are adopted for our numerical calculation in order to
demonstrate the transient effects.

K,/K,=0.1, ;=124 psi/°F

B, =204 psi/°F, By =118 psi/°F

Ap=30.3%x10° psi, A,;;=4.04%10° psi
Ay =1.13x 10 psi, Ay =3.78x 106 psi
Ay =1.99% 10 psi, A,,=3.35x 106 psi 45)

The initial temperature of the slab is T'=0, then a
temperature rise of the form 7= Tsin(w/f;)y is assumed to
exist over the top edge (z=4£) of the slab, while the
temperature over the remainder of the boundary is main-
tained at the initial value. So, in our case, the temperature
distribution solution, Eq. (24), is applicable if we take

a,; =0, b,=1

J)=Tysin -y (46)
1

If the faces z=0 and £, are assumed to be traction-free, the
mechanical boundary condition is given by Eq. (32b). Since
the temperature rise f(y) in Eq. (46) is represented by a
Fourier series with a single harmonic, it is sufficient in the
present example to consider only the first term of its series
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T=To Sin —
=10 ot
E|y

/

£y

—-—— -

T=o- ] |42 fiber direction _—~T=0

N

T=0

Fig. 2 Geometry and thermal boundary conditions used in the il-
lustrative example.

0.0 0.2 0.4 [oX3) 0.8 1.0
Dimensionless Temperature T/ Ty

a) Aty=£/2.

1
0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless Temperature T/T,

b) At y=e1/4.

Fig. 3 Transient temperature distributions for K=1.0 and 0.1.

representations for the temperature [Eq. (24)] and stresses
[Eq. (44)], i.e., k=1 in these equations. On the other hand,
the time-dependent parts of the Fourier series in Eqs. (24)

o3

and (44), i.e., mE: \» are determined at each of the prescribed
time intervals by evaluating the first 20 terms of the infinite
series, i.e., m=20. The numerical results for £/¢ =0.25
show less than 1% change when 40 terms are included in the

series calculation.

For the convenience of presenting the numerical results,
the following dimensionless quantities are introduced for
temperature, stress, time, and geometry, respectively.

T=T(y,z;0)/Ty, ;=0,(3.Z;t) /BTy, 7=Dt/&, {=4/1,
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a) Normal stress.
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b) Shear stress.

Fig. 4 Transient thermal stress distributions for K=0.1 at the cross
section y=1{,/4.
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Fig. 5 Transient thermal stress distributions for K= 0.1 at the cross
seetion y=1{,/2.

Figures 3a and 3b show, respectively, the z direction
temperature distribution at the cross sections, y={,/4 and
y=1{,/2 for the various dimensionless time intervals. For the
purpose of comparison, dashed lines denote results for an
isotropic material (i.e., K=1). The temperature gradient,
dT/dz, at the heated upper edge of the rectangle increases
with an increasing degree of orthotropy.

Figures 4a, 4b, and 5 show the z direction variation of
thermal stresses at cross sections y=£,/4 and y={,/2, respec-
tively, for the various dimensionless time intervals. It is clear
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Fig. 6 Thermal stresses as a function of the dimensionless time for
K=0.1 at the location A, B, C, and D of the cross section y={,/2.

that large longitudinal stress o,, occurs in the vicinity of the
heated boundary where the relatively large temperature gra-
dient 37/0z exists. In the meantime, the transverse stress o,,
and the shear stress o, are relatively small. Also, for oy, the
maximum transient tensile stress is 28% higher than that in
the steady-state; the maximum transient compressive stress
near the upper edge (z=4) is 82% higher than that in the
steady-state. Figure 6 shows the time dependence of thermal
stresses at points A, B, C, and D of the cross section
y=10/2.

The effect of length to width ratio of the rectangular slab,
¢, on the longitudinal stress distributions also have been ex-
amined. It has been found that the maximum transient ten-
sile stress is 25-66% higher, and the maximum transient com-
pressive stress is 58-162% higher than the corresponding
steady-state values for {=0.125~0.5.

An examination of the plots of ¢,,, 0., and ¢, at any
given time interval indicates that each stress is in self-
equilibrium. This is consistent with the nature of thermal
residual stresses.

VY. Conclusions

1) A two-dimensional thermal transient problem for a
thermally and elastically orthotropic material has been
solved. The elastic medium assumes the shape of a rectangle
with one of its edges subjected to an instantaneous variation
in temperature, heat flow, or convection, while each of the
remaining edges is either insulated or maintained at the in-
itial temperature. General solutions in closed form for the
temperature distribution are obtained based on the solution
of the classical diffusion equation. The temperature solu-
tions for various combinations of boundary conditions are
tabulated for convenient use. Exact thermal stress solutions
are determined by the use of a displacement-potential ap-
proach. Both the temperature and stress solutions are
presented in series form.

2) For problems involving nonhomogeneous initial condi-
tions [i.e., t=0, T(y,z,0)=f(r,z)] and homogeneous bound-
ary conditions on all edges of the slab (i.e., 7=0 or
8T/9n=0 for y=0,f;, z=0,8), solutions can also be ob-
tained based on the information in Table 1. This will be dis-
cussed in a separate article.

3) The thermal orthotropy has significant influence on the
temperature and thermal stress distributions in the elastic
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Table 1 Temperature coefficients 4, ; and A m,j corresponding to various boundary conditions
Case Boundary conditions /-lkm,j(ll,[.t) (j=1,2,3,4) A ) U= 1,2,3,4) D> Vi Eqs. for u
1 ay=ay=a3=0 A2 =Am3 = A =0 A2 =A3=Ags=0
1 2 kw
by=by=b3=1 Agm = G (np) Ap = f(y)smvydy — Eq. (AS)
: ) 68, (¥) f
Y, . ATy
S = E P,sin
n=1 g
2 ay=ay=b3=0 A1 =Akm3 = Agma =0 Ap1=Ar3=A;4=0
- - k2 2 k7|'
by=by=a3=1 m2= G, (v,0) Apr=—"- f(y)smvydy —_— Eq. (A6)
13 f8,(») )
c y
f)= E P,sin ——
n=1 1
3 ay=a3=b,=0 Am2=Akm3 =Akma= Apr=Ap3=Ars=0
_ —24,, 2 2%k-1
by=by=a,=0 k1 = G (v,pn) Agy=———" f(y)smvydy T Eq. (AS)
2 g (v) 24,
@
. (2n-1)
f)= E Pysin ———— my
n=1 2el
4 =by=b3=0 Aim1 = Agem,3 = Am,a = Ap1=Ap3=Ay4=0
b 1 i k2 Gy (ne) A 2 Sf( ysinuyd 21 Eq. (A6)
=dy=a7= = v, — Slnl’ w .
1 2 3 km,2 I3 2\0 0 k2= 0,25 (7) y yay 20, q
- (2n—1)
S = E P, Ty
n=1 231
5 by=ay=a3=0 Aym1 =Akm2 = Akma=0 Ap1=Ag2=A;4=0
] —24,, 2 2%k-1
=by=by=1 km,3 = 1 () Apy=—" f(y)cosvydy T Eq. (A5)
: I bg (v) 24
(2n—1)
o= E Qpc0s ————>
2,
6 by=a;=b3=0 A1 =Ajm2 = A3 =0 Ap1=Apy=A;3=0
. - 2 4 2k-1
=by=a3=1 kma= Gy (v,p) Apg=—"——\ f(y)cosyydy Eq. (A6)
2 [lgz(V) ] 2!.71
(2n—-1)
F) = E Que0s ————
2
7 by=by=a3=0 Atm1 =Akm2=Akma= Ap1=A=Ap4=0
3 2 | kn
a =ay=by=1 Akm3 = Gy (n.p) Apy=————=\ f(y)cosvydy — Eq. (A%5)
2 hg(v) JO 4
s nmy
FG) = Y5 Queos ——
n=1 [1
8 by=by=by=0 A1 = Akem2 = Aggm,3 =0 Ap1=Agr=Ar3=0
. - 2 kn
a=ay=a3=1 km,4 = G, (v,0) Apg=—"" f(}')COSV}’dy — Eq. (A6)
) 0,8, (») 4

F0) =Y Quo0s —~
n=1 ¢

1




672 H. WANG AND T.-W. CHOU

body. Numerical experiments simulating a unidirectional
fiber-reinforced composite material have been performed.
The ratio of heat conductivities in the longitudinal and
transverse directions is K /K, =0.01 and the slab geometry
£=0.125~0.5. The results have shown that maximum tran-
sient tensile stress in the range of 125~ 166% of those for
the steady-state, maximum transient compressive stress in the
range of 158 ~262% of those for the steady-state, and max-
imum transient shear stress in the range of 103~160% of
those for the steady-state. This finding suggests the need to
find the history of temperature and thermal stress variations
for the practical applications of orthotropic materials. The
dimensionless time constants required to reach steady-state
for any given orthotropic material system can be easily
calculated.

4) Since the present results have demonstrated the impor-
tance of considering the transient process in analyzing the
thermal behavior of the fiber-reinforced composites and the
array of problems involving, for instance, boundary-layer
stress concentrations and interfacial damage of laminates
under severe thermal (and hygrothermal) conditions, all
deserve in-depth assessment and examination in the future.
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Appendix 1: Unsteady-State Temperature
Distributions for Various Boundary Conditions

Following the procedure used to obtain the temperature
distribution in Sec. II, solutions can be found for various
other combinations of edge conditions. The eigenvalues p, v,
u and the coefficients A,(») and A,(v,4), to be used in the
temperature expressions (10) and (11), were calculated for
eight different sets of boundary conditions. These results are
summarized in Table 1 for convenient use. The functions
G (v,n), Gy(m, 1), g,(»), g,(v) and the equations of u appear-
ing in the table are given by

1
G, (np)=———
(%) ()
K K
x [—Vlf— cosh —I;Ci £,sin % I —“—km sinh —% &,c0s #—l;" L’z]

(Al
1

G2 (V,[.L) =

Ve .V b Fom Ve o . b
X [-K—k sinh ?k f,co8 7’” I A cosh 7" £,sin ya fz]
(A2)
vy vidy L vihy
g, (v)=a, X cosh —K—+ b,sinh X (A3)
—a, 2% sinh 22 4 b cosh ZE (A%)
&(v)=a, X S X 4 K

AIAA JOURNAL
(L e2> cot (i ez> PRI (A5)
K K a,
p I b
(o )ran () = (A6)

Thus, for 7— o, the present work is reduced to the steady-
state thermal behavior analysis of Akéz and Tauchert; also
Table 1 of this limiting case then reduces to the correspond-
ing table in Ref. 16.
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